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OUTLINE

® | earning in structured domains
® Diffusion machines and spatiotemporal locality

® Backpropagation diffusion and biological
plausibility
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LEARNING IN
STRUCTURED DOMAINS
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Graphs as Pattern Models
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What are the features!?
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Social nets

here we need to make prediction at node level!



GRAPH NEURAL NETS

popular and successful mostly thanks to
graph convolutional networks

X

XX
I

X

XIX

X

pictures from Z.Wu et al

Non-Euclidean Deep Learning
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HISTORICALLY ...
ANOTHER PATH WAS FOLLOWED!
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Extension of the idea of time unfolding ...
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adaptive encoding

of the whole sequence

Weights are shared

(replicated)
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The encoding net has a feedforward
structure: Gradient can be computed

by Backpropagation (through time)
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Structure unfolding

The case of binary trees ...

frontier state if v.R is external

|

Xy = f(U’Ua X’U.L7 Xv.R)

|

frontier state if v.L is external
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Graph Compiling ...
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A recurrent net arises from cyclic graphs

The Graph Neural Network Model

Gori et al JCNN 2005, 2009 IEEE-TNN
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LEARNING AS A DIFFUSION PROCESS

THE FRAMEWORK OF CONSTRAINED-BASED LEARNING
AND THE ROLE OF TIME COHERENCE
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Natural Laws of Learning
The links with mechanics

regularization term Loss function of neural net

kinetic energy

potential energy
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Natural Laws of Cognition: A Pre-Algorithmic Step

Natural Learning Theory \~» Mechan-
ICS
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A(w) N~ S(q) 35 \0
F(t,w,w) N\ L(t,q, qn‘Q Q

H(t,w, v) J\/—> H(t,q, p)

Remarks
W 3 'gre Interpreted as generalized coor-

Q)‘Parlatlons are interpreted as gener-

0{ allze\c&eloc:ltles
?Ks conjugate momentum to the weights is

efined by using the machinery of Legendre
ransforms.

The cognitive action is the dual of the action
In mechanics.

The Lagrangian F is associated with the
classic Lagrangian L in mechanics.

When using w and v, we can define the
Hamiltonian, just like in mechanics.
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Constraint Reactions

architectural and environmental constraints

£ =1{((0,0),0), (0, 1), 1), ((1,0), 1), ((1, 1),0)} =

“hard’” architectural constraints

Trz — 0(W31Tk1 + WaaTra + b3) =0
Tia — O(Wa1Tx1 + Wa2Tp2 + ba) =0
Trs — 0(W53Tx3 + W54Tra + bg) =0

k=1,2234

training set constraints

r15 =1, xo5 =1, 235 =0, 245 =0
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Lagrangian Approach

Lagrangian Multipliers

N

Static Models Dynamic Models
holonomic constraints non-holonomic constraints
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Formulation of Learning

holonomic constraints (DAGs)

regularization term risk function

o (2, W) ::/%(mw|x'(t)|2 | W (B)[2) w(t)dt + F(z, W)

F(x, W) := fF(t,:U,:t,fé,W,W,W) dt

G’ (t,x(t),W(t)) =0, 1<j<v
neural constraints (Einstein’s notation)

. & — el (), it 1 <j <w;
J M) = :
G (7_75’ ) ) {é’] — O'(mjkgk) 1f w <] < v,

Proposition |: Functionally independent for acyclic graphs
feedforward nets



Formulation of Learning (con’t)

holonomic constraints - any digraph

regularization term risk function

o (z, W, 5) 1= / %(mx\a’:(t)y? o (W ()2 + my|5(8)2) w(t)dt + F(z, W, 5),

F(x,W,8) := [ F(t,z,&,& W,W,W,s)dt

neural constraints . slack variables
) J _ pJ J f 1 < 73 < .
G](77€7M7C) = S € (T) —i_]f : l 1 _]._wj
& —o(mgt) + ¢ fw<j<v.

Proposition 2: Functionally independent for any graph



Formulation of Learning (con’t)

Non-holonomic constraints (any digraph)

regularization term loss term

My

o (2, W) :/(7150(15);%mTW\W<t)\2+F(t,:I;,W)) =(1) dt

neural constraints

(1) + cx'(t) — o(wi()z"(t) =0 0O0<ec<1

Proposition 3: Functionally independent for any graph



Feedforward Networks (DAGs)

— My (8)E(t) — mao(8)E(t) — A (8)GL(x(t), W (1) + La(z(t), W(t)) = 0;
— mww ()W (t) — myw()W(t) — \;(0)G,(z(t), W(t)) + LY (z(t), W(t)) = 0

Géa Gga Gina’b G:'jna'b ? 7 . a 7 . 1 - a
( m., e — >)\j =T (GTT i Q(GTSGCC = GTmabwab 4 G&“mbcx wbc)

= Gt 1 A Gy o U

L% Gia . B=C

: z'p(j;aGga + wapGh, ) + ~ s

uonenba Jeaul| snosueuBISUI

I3 = F,—d(F;)/dt+d*(Fy)/dt2, LW = Fy—d(Fy,)/dt+d?(Fy,)/dt?

supervised learning

F(t,x,&,2, W,W, W) =F(t,z) — L% = 0,F, LY =0



Reduction to Backpropagation

maj % O A W
~ the chain rule arises ...

Wz — —;0’(wikxk)5imj; T
2&G§a5j — _Vwa za, A

Augmented Learning Space

1 —0’(w21x1)w21 0 53 — — Vg3,
_ - 2
T 8 (1) i (w312x JWs2 |6y = o' (waax?)wsad;

51 — 0’(w21x1)w2152.

A somewhat surprising kinship with the BP delta-error
Early discovery by Yan Le Cun, 1989



4 Augmented Learning Space

Euler-Lagrange Equations W
non-holonomic constraints

>
intuition: we need to store the multipliers
and provide temporal updating \

&' (t) + cx'(t) — o(wik ()" (t)) = 0;
BP-like GNN factorization 4"
1

W(t) = —;5]-(15)(}{%(75,:1:(15), Wi(t),5(t))

This makes GNN efficient!

O(t) = 0;(t)GE(t, x(t), W (1), @(t)) + Ve(t, (1)) mmmmmmmmm—

Unlike BPTT and RTRL, learning equations are local in space and time:
connections with Equilibrium Propagation (Y. Bengio et al)
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DIFFUSION LEARNING
AND BIOLOGICAL PLAUSIBILITY
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Biological Plausibility of
Backpropagation

Biological concerns should not involve BP,
but the instantaneous map 2*(t) = o (w;z" (1))

replace with

l

a:z(t) = a(wik(t — Dzt - 1))
() + cx'(t) — o(wik(H)x"(t)) =0

... clever related comment by Francis Crick, 1989
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BP diffusion is biologically plausible
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Conclusions

GNN: S’L?Qgess due to convolutional graphs, but the

“diffusion pafdy, is still worth exploring

%,
What happens wﬂt‘ﬁ).deep networks in graph compiling?

&£
Laws of learning, pre-%thmic issues, and biological
plausibility //176\
Vo

Dynamic models for Lagrangian rﬂgltipliers (always delta-
error): new perspective whenever t@g—coherence does

matter! Q(,
Euler-Lagrangian Learning and SGD
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